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f(z+ad) < f(x)+caVf(z)ld,
Vix+ad)ld>cViz)d,

HAr0o<e <eg < 1.

7E 2007-2010 4FE[8], # kil 1 K&

CQVf(x)Td < Vf(x+ ad)Td < 01Vf(:v)Td, 0<ec <co< 1.
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iteration reads
Xk+| - Xk . akH—l(xk)Vf(xk)

with the Hessian H of f and a damping factor a* € (0, 1], cf. Chapter 9 in Boyd’s book [60]. Instead of inverting
H(x*), the update can be performed by

=k ak Ax
where Ax is an approximate solution of

H(x*)Ax = =V f(x*). (5.10)
The damping factor a* is determined by a back-tracking procedure. In this paper, we use the stopping criteria of
Dong [63]

e (VF(xY), Ax)y < (VA +a* Ax), Ax)y < c)(VF(x5), Ax)y

with 0 < ¢; < ¢; < 1. In contrast to the Wolfe conditions [64], Dong’s criteria rely solely on gradient evaluations.
This is beneficial, as evaluating f requires either the primal or dual condensed incremental potential, cf. Table 1,
which is generally not available in FFT-based homogenization. Both w and w* carry no physical meaning as they
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Algorithm 4.2.1. Let F(x) = Mz + q. Choose any starting point 20 € H.

For any given k > 0, computing £**' from z* according to
a* = gF — (1 + MT)r(z*) VEk>0. (4.9)

where
r(z)=z— (I + B) ™ (x - Mz —q),

i = 1T+ MT)r ()2 ()12 (4.10)

B Z 7527 https:/ /ydong2024.github.io/downloads/dongthesis.pdf
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sequence in [&,2 — &], let xg € H, and let y; € G. Iterate

forn=0,1,...

ap = Jy,,A(xn == ‘y”L*y:‘,)

Iy = Lxp

bn = j(r,,B(ln + U‘n}’:.)

th =by I_ Lay ]

t;’; = 7,7 (Xn —an) + 0-,; L*(ln - bn)
7 = Il + 1152 L
if'r; >0

l Hn = /ln(y,_,l ”X" - an“2 =+ 0‘,:] “[n - bnllz)/rn

else 6, =0

Xn+l = Xn — 9/1'7,

[ Vet = Yn ~ Ontn.

Then (x,)nen converges weakly to a point x € Z and (y),)nen converges weakly to
apoint y* € Z*.
Remark 9.2. Here are notable instantiations of Proposition 9.1.
(i) The first instance of (9.11) in the literature seems to be that of Dong (2005),
where H and G are Euclidean spaces, A =0, and (Vn € N) y,, = 0, = | and

A, = A €]0,2[. Convergence of the primal sequence (x,,), < Was established
by different means.
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Algorithm 4.2.4. Choose any starting point 2° € H and \_; € (0,+00). Also
choose p € (0,1) and f € (0,1). For any given k > 0, computing (zF*1,\;) from
(%, Me—1) where Ay, is the largest A € {Ak—1, Me—18, Me—13%, ...} satisfying

ek = Iy(2¥), F(a¥) = F(y(4) < (1= p)[la¥ = Ja(2h)]2,
and let

2k = gk — gy (aF = ), (2%) = MF(2F) + MF(Jy, (z5))) Yk >0,

(a) (b)

B Z 4171275 https://ydong2024.github.io/downloads/dongthesis.pdf
B (1) HH B el A, AR
0€ F(zx)+ A(z). (2)
A, F 3 =58 3 [Math Comput Simulat, 223, 86-107, 2024] H #ic 5, ¥ Jy(z) Hmk
z(a) BLEH B = 0.5, FATRZ 5% BB AR /4 5% U0 7F -

Choose 2° € domF N domA. Choose p € (0,1) and a_; > 0. At k-th iteration, find the
smallest j; in @ = ap_1 0.5/, j = 0,1, ..., such that z¥(a) = (I + ad)~ 1 (zF — aF(2")) satisfies
afe? —a(a), F(z") = F(z"(a))) < (1 = p)[la® — 2"(a)|*.

Take oy, = ay—1 0.57%, and compute ¥ = z¥(az,). Compute in order

d* =a* — 7" —ap(F(a*) = F(z%), = (" —2", d")/||d"|*.

Then choose 6 € (0,2] and compute

k+1

x =gk — Hk’ykdk.

H T AN 24l Lipschitz # %A R 5k T Tseng JEI/INERKILG, M AR E Lik
) R S P G B A U, 20144F 3 253k 5 5 A A1, AESE T B AERUE 7 T I T R A3 202448
R, R T F AU BOESHIEIE, TR IR gs S — AN RAE . RIS
N, A o K ROT FCAA AT

BT MARME R min f(x) + g(z), FA1HE EHE B HE KA
0€ Vf(z)+ dg(zx),

JHAE (2) FELF =V f U} A:=0g RIT],
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H IATERSC [Math Comput Simulat, 223, 86-107, 2024] 2% 5& T [ ) i) it
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In the case of F; being Lipschitz continuous, we give
Algorithm 2.1. Our proposed splitting algorithm in Lipschitz continuity case

Step 0. For i =1,...,n, choose x! € H,, i’ € G. Choose a; _; >0, p € (0,1). Set k :=0.
Step 1. For i = 1,...,1, choose appropriate a;;, > 0. For i =/+1,...,n, find the smallest j, in (19) such that
xf(a) = (I + o A) ™ (xf — a(Fi(x}) + Q] u*))
satisfies
a(xf - xf (@), F(x}) = Fi(xf@)) < (1 - p)llxf - xF@)ll*. (20)

Take a;; = a;;_,1’*, and compute

T = xk(a;p). (21)
Choose f;, > 0 via (29) below and find @* such that
(ﬂkl+B")(ﬁ")aﬂku"+z;'=|Q,.fcf -q. (22)

If Xk =xk,i=1,....n, and @ = u*, then stop. Otherwise go to Step 2.

89
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Step 2. For i = 1,...,n, compute

¥ = apl (k= 2 - (F(b) - FE) - 07wk - ), ©23)

d* = gk - i), (24)

T xk —xF db )y + f -k, db)
ne= T T (25)
Zicy g 17 + N1
Then choose 6, € (0,2] and the new iterates are given by
xl‘,"“ =xik—9,(ykd§,. i=1..,n (26)
W =k — H‘ykd,“‘. 27)

Set k :=k+ 1, and go to Step 1.
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